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ABSTRACT. In the sigma model approach, the β-function equa-
tions for non critical strings contain a term which acts like a tree
level cosmological constant, Λ. We analyse the static, spherically
symmetric solutions to these equations in d = 4 space time and
show that the curvature scalar seen by the strings is singular if
Λ 6= 0. This singularity is naked. Requiring its absence in our
universe imposes the constraint |Λ| < 10−120 in natural units.
From another point of view, our analysis implies that low energy
d = 4 non critical strings lead to naked singularities.
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In the sigma model approach to the low energy string theory, the world
sheet reparametrisation invariance gives rise to the β-function equations for
the graviton, dilaton and other background fields. These equations, which
can also be obtained as equations of motion from a target space effective
action, are perturbative in string tension and in string loops, and describe
the behaviour of the background fields at low energies (compared to Planck
scale).
In this paper, we study the β-function equations for the graviton and
the dilaton of a non critical heterotic string, propagating in a target space
of the form M × K, where M is a non compact space time of dimension
d = 4 and, K a compact manifold of dimension dint. We consider only the
case where the fields are constant over K. The time-dependent solutions
to these equations have been studied extensively [1]. We concentrate here
on the static, spherically symmetric solutions, which can be thought of as
describing the gravitational field of a point star in low energy string theory.
For a non critical string (d + dint) < 10, and there is a term in the effective
action, proportional to (d+dint)−10, which acts like a tree level cosmological
constant, Λ [1]. Thus the β-function equations for such a system would
describe the effect of a cosmological constant on the gravitational field of a
point star in low energy string theory.
The static, spherically symmetric solutions to Einstein equations, when
Λ 6= 0, have been studied in [2]. However, such solutions to the β-function
equations, when Λ 6= 0, are not known in an explicit form. Nevertheless, as
will be shown, it is possible to understand their general features. We obtain
the first few terms of the solutions to the β-function equations as a power
series in Λ, with the requirement that the solutions reduce to the known
ones in the limit Λ → 0. This limit is same as the limit r → 0, when the
mass of the star is negligible. Then it is possible, by an analysis of the β-
function equations alone, to understand some general features of the fields
for r ≤ ∞, as shown in this paper. We find that the fields are all singular
at some r ≤ ∞. The curvature scalar, as seen by the string, also diverges at
this value of r. Therefore, it is a genuine naked singularity induced by a non
zero cosmological constant in low energy string theory. Its implications are
discussed at the end.
We will work in the “Einstein” frame [1] for reasons of technical simplicity.
However, since the physical, target space metric seen by the string is in the
“string” frame, naked singularity will be present in the target space only if the
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curvature scalar in the string frame is singular. Therefore, in the following,
we will solve for the fields in the Einstein frame, and calculate the curvature
scalar in the string frame.
This paper is organised as follows. We first present the solutions to the
β-function equations when Λ = 0, and then the series solutions when Λ 6= 0.
After this, we discuss the general features of various fields that follow from
the β-function equations, and show that the curvature scalar in string frame
is singular. We then conclude with a discussion of these results.
Consider the low energy heterotic string in d = 4 space time with graviton
(g˜µν) and dilaton (φ) fields. In the sigma model approach the β-function
equations for these fields can be derived from an effective action
S = − 1
16piG
∫
d4x
√
g˜ eφ (R˜− (∇˜φ)2 + Λ) (1)
in the target space with coordinates xµ, µ = 0, 1, 2, 3, where G is Newton’s
constant. Our choice of “Riemann sign” is (− ) in the notation of [3]. The
field e−
φ
2 acts as a string coupling, and the constant Λ, like a tree level
cosmological constant in low energy string theory [1]. Λ = 1
2
(d+ dint− 10) is
zero for a critical string and non zero for a non critical string.
In the effective action (1), which is written in the string frame with metric
g˜µν , the curvature term is not in the standard Einstein form. However, the
standard form can be obtained by a dilaton dependent conformal transfor-
mation
g˜µν = e
−φgµν (2)
to the Einstein frame with metric gµν . The analysis of the β-function equa-
tions in Einstein frame turns out to be simpler, and hence, we will work in
this frame in the following. The curvature scalars in these two frames are
related by
R˜ = eφ(R − 3∇2φ+ 3
2
(∇φ)2) (3)
where ˜ refers to the string frame. The effective action now becomes
S = − 1
16piG
∫
d4x
√
g (R +
1
2
(∇φ)2 + e−φΛ) . (4)
The equations of motion for gµν and φ that follow from this action are
2Rµν +∇µφ∇νφ+ gµνe−φΛ = 0
∇2φ+ e−φΛ = 0 . (5)
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We will look for static, spherically symmetric solutions to these equations.
In the Schwarzschild gauge where ds2 = −fdt2+ f−1dρ2+ r2dΩ2, dΩ2 being
the line element on an unit sphere, and where the fields f, r, and φ depend
only ρ, equations (5) become
1
2
(fr2)′′ − 1 = (f ′r2)′ = (φ′fr2)′ = −Λr2e−φ
4r′′ + rφ′2 = 0 (6)
with ′ denoting the ρ-derivatives. The curvature scalar R˜ in the string frame
becomes
R˜ = eφfφ′2 + Λ . (7)
When Λ = 0 the solution is given by [4]
f = (1− ρ0
ρ
)k
r2 = ρ2(1− ρ0
ρ
)1−k
eφ = eφ0(1− ρ0
ρ
)b (8)
where k =
√
1− b2. The curvature scalar R˜ in the string frame is given by
R˜ =
ρ20b
2eφ0
ρ4(1− ρ0
ρ
)2−k−b
. (9)
This solution describes the gravitational field of a point star of mass M˜ =
ρ0
2(k−b)
in low energy string theory with a non trivial dilaton field. The “hori-
zon”, where −gtt = f = 0, is located at ρ = ρ0, and exhibits a naked
singularity if b 6= 0. That is, if the Robertson parameter γ = k+b
k−b
is different
from unity; or equivalently, if the dilaton φ is non trivial. See [4] for details.
The equation involving (φ′fr2)′ in (6) is the equation of motion for φ that
follows from (4). However, this equation will be absent if φ is absent. Hence,
in that case, the expression (φ′fr2)′ is to be ignored and φ is to be set to zero
in the remaining expressions. The string and the Einstein frame are then the
same, and the solution to (6) is given by
r = ρ , f = 1− ρ0
ρ
− Λ
6
ρ2 .
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The curvature scalar R˜ = Λ. This solution describes the static, spherically
symmetric gravitational field of a point star of mass M = ρ0
2
in Einstein
theory, in the presence of a cosmological constant Λ [2].
In the presence of both the dilaton φ, and the cosmological constant
Λ, the solution to equations (6) is not known in an explicit form. In this
paper we study this solution and its implications. The solution, required to
reduce to (8) when Λ = 0, would describe the static, spherically symmetric
gravitational field of a point star in low energy string theory, in the presence
of a cosmological constant Λ.
To proceed, it is convenient to work in a gauge where ds2 = −fdt2 +
G
f
dr2 + r2dΩ2, dΩ2 being the line element on an unit sphere, and where the
fields f, G ≡ ( dr
dρ
)−2, and φ depend only on r. In this gauge the equations
(6) become
(fr2)′′
2
− (fr
2)′G′
4G
−G = (f ′r2)′ − G
′f ′r2
2G
= (φ′fr2)′ − φ
′G′fr2
2G
= −Λr2e−φG
2G′ − rGφ′2 = 0 (10)
where ′ now denotes r-derivatives. The second equality above can be inte-
grated to obtain
f ′
f
− φ′ = Kr0
√
G
fr2
(11)
where Kr0 is an integration constant with K, a number and r0, a constant
proportional to the mass of the star. The curvature scalar R˜ is given by
R˜ =
eφfφ′2
G
+ Λ . (12)
Using (10), it is easy to obtain the following equation for R1 ≡ R˜− Λ :
R′1 + (
4
r
+
Kr0
√
G
fr2
)R1 = −2Λφ′ . (13)
The explicit solutions to equations (10) are not known. However, it is
still possible to study their properties and implications. First of all, these
equations do not admit a non trivial solution where the fields are polynomials
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in r and ln r in the limit r →∞; that is, where the fields behave as rm lnn r to
the leading order in the limit r →∞. This can be shown by first considering
solutions of the form
f = Ara + · · ·
G = Brb + · · ·
e−φ = e−φ0rc + · · ·
where · · · denote subleading terms in the limit r → ∞. Substituting these
expressions into equations (10) gives, to the leading order,
(a + 2)
2
(a + 1− b
2
)Ara − Brb = a(a + 1− b
2
)Ara
= −c(a + 1− b
2
)Ara = −Λe−φ0Brb+c+2
and 2b = c2. The last two equalities above imply a = −c = b + c + 2,
which lead to a = b = −c = 2. For these values of a, b, and c, the above
equations are consistent only when A = B = 0. This shows that they do not
admit a non trivial solution where the fields are polynomials in r in the limit
r →∞. A similar analysis will also rule out the case where the fields behave
as rm lnn r to the leading order in the limit r → ∞. This result is true for
any value of Λ.
However, one can start with the solutions (8) when Λ = 0 and study how
they get modified when Λ 6= 0. This means that the expression involving Λ
in (10) acts as a source term for the fields f, G, and φ, which can be solved
iteratively to any order in Λ. By construction, this would lead to the known
solutions (8) in the limit Λ→ 0. Thus, let
f =
∞∑
0
fn(r)Λ
n , G =
∞∑
0
Gn(r)Λ
n , e−φ =
∞∑
0
pn(r)Λ
n ,
where we set b = 0 in (8) for simplicity and obtain f0 = 1 − r0r and G0 =
p0 = 1. Also define
G′
G
≡
∞∑
0
ωn(r)Λ
n , φ′ ≡
∞∑
0
φ′n(r)Λ
n .
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The coefficients ωn (φ
′
n) can be evaluated in terms of Gn (pn) using a formula
given in [5]. Equating the coefficients of Λn in (10) we obtain, for n > 0,
(r2fn)
′′
2
− 1
4
n∑
0
(r2fk)
′ωn−k −Gn
= (r2f ′n)
′ − 1
2
n∑
0
r2f ′kωn−k
=
n∑
0
(r2fkφ
′
n−k)
′ − 1
2
n∑
k,l=0
r2fkφ
′
lωn−k−l
= −
n−1∑
0
r2Gkpn−1−k
and 2ωn =
∑n
0 rφ
′
kφ
′
n−k. Solving the above equations give G = 1 + · · ·, and
f = 1− r0
r
− Λr
2
6
+ · · ·
φ = φ0 − Λr
2
6
(1 +
2r0
r
+
2r20
r2
ln(r − r0)) + · · · (14)
where · · · denote terms of O(Λ2) and φ0 is a constant which will be set to zero
in the following. Higher order terms can be evaluated by further iterations.
However it soon becomes very complicated. Furthermore, in the limit r ≫ r0
that will be of interest here, the effect of r0 is negligible. Therefore, in the
following we concentrate on the solutions with r0 = 0, which can be thought
of as describing the static, spherically symmetric gravitational field of a star
of negligible mass in low energy string theory, when Λ 6= 0.
With r0 = 0, the solutions will depend only on the powers of (Λr
2).
Equation (11) now gives
eφ−φ0 = |f |
where φ0 is a constant which will be set to zero in the following. Let
f =
∞∑
0
fn(Λr
2)n , G =
∞∑
0
Gn(Λr
2)n (15)
where fn and Gn are constant coefficients, and f0 = G0 = 1. Also define
1
f
≡
∞∑
0
gn(Λr
2)n
7
rf ′
2f
≡
∞∑
0
en(Λr
2)n
rG′
2G
≡
∞∑
0
ωn(Λr
2)n . (16)
It follows from the above expressions, and the last equation in (10), that
en =
n∑
0
kfkgn−k , ωn =
n∑
0
eken−k
where we have used φ′ = f
′
f
. Also, one can solve (13) for R1 to get
R1 = −2Λ
∞∑
0
en
n+ 2
(Λr2)n . (17)
Using (15) and (16), equations (10) give, for n > 0,
(n+ 1)(2n+ 1)fn −
n∑
0
(k + 1)fkωn−k −Gn
= 2n(2n+ 1)fn − 2
n∑
0
kfkωn−k = −
n−1∑
0
gkGn−1−k . (18)
We need only solve, say, the second equality above. The other one follows as
a consequence of the Bianchi identity satisfied by equations (5).
Computing the various coefficients upto order Λ3 we get eφ = |f | and
f = 1− Λr
2
6
− (Λr
2)2
120
− 4(Λr
2)3
34 · 5 · 7 + · · ·
G = 1 +
(Λr2)2
23 · 32 +
2(Λr2)3
34 · 5 + · · · . (19)
Computing further higher order terms in the above series is tedious and
unilluminating. However, it can be shown (see appendix for the proof) that
fi < 0 and Gi > 0 for all i. But this fact turns out to be of little help because
when Λ < 0 the factors Λn in (15) alternate in sign and one cannot conclude
anything about the functions f and G. When Λ > 0, the function f will
become zero at r = rH <∞, beyond which the above series for f and G are
not valid because f cannot be inverted at r = rH , as required in (16).
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It turns out that for r0 = 0, one can nevertheless understand the general
features of the functions f, G, and R˜, using only (i) their behaviour near
small r, (ii) the equations (10), and (iii) the fact that f and G do not behave
like rm lnn r for any finite m and n, in the limit r →∞.
From (19) it follows that the function f is convex (concave) near the
origin if Λ is positive (negative). That is, f ′(0+) is negative (positive). The
function G is concave near the origin, that is, G′(0+) is positive. Now, in
the limit r → ∞, f can go either to ∞ or to a constant value. A necessary
condition for f(∞) to be a constant is that f must have either a pole at
rp < ∞, or atleast one critical point at 0 < rc ≤ ∞. Consider first the case
where f 6= ∞ for any rp < ∞. Let f ′(r1) = 0, where r1 ≤ ∞ is the first
critical point after the origin. Then it follows, from the behaviour of f near
the origin, that f ′′(r1) must be positive (negative).
However, from equations (10) we get
f ′′(r1) = −Λe−φG
which is negative (positive). This is in contradiction to the above condition.
Therefore f ′(r) 6= 0 for any r > 0. Hence, the function f obeying equations
(10) and which behaves as in (19) near the origin, cannot be constant in the
limit r → ∞. It follows that f(∞) → ∞, faster than any power of r. Also,
it follows from equations (10) and φ′ = f
′
f
that G′(r) 6= 0 for any r > 0,
since G′(r) = 0 requires f ′(r) = 0. Hence, for the same reasons as above,
G(∞)→∞.
Whether these singularities are genuine or only coordinate artifacts can
be decided by evaluating the curvature scalar, R˜, or equivalently R1 ≡ R˜−Λ
which obeys the equation
R′1 +
4R1
r
= −2Λf
′
f
(20)
and has the series solution given in (17). Since in the limit r → ∞, the
function f does not behave like, and grows faster than, any polynomial, it
follows that R1(∞) can not be constant. For, if it were a constant, then
equation (20) would imply that f(∞) → r− 2R1(∞)Λ , a polynomial behaviour
for f in the limit r → ∞, which has been ruled out before. It then follows
that R1(∞) → ∞. This is because f does not admit a polynomial solution
and f(∞) = ∞ in the limit r → ∞. Hence, f ′
f
≫ constant
r
in that limit.
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Solving the equation (20) in this approximation, or from the explicit series
form for R1 given in (17) and from the fact that R1(∞) 6= constant, one then
gets R1(∞)→∞.
Now consider the case when f(rp) = ∞ with rp < ∞. Then, from
equation (20) it follows, near r = rp, that
R1(rp) ≈ −2Λ ln f(rp) + · · · → ±∞ .
Similarly, if a “horizon” exists at r = rH where f(rH) = 0, then it follows
from equation (20) that, near r = rH ,
R1(rH) ≈ −2Λ ln f(rH) + · · · → ±∞ .
In the above expressions · · · denote subleading terms. Thus we see that R1,
and hence, the curvature scalar R˜ in the string frame, always diverges at
one or more points r = rp, rH , ∞, in low energy string theory when the
cosmological constant Λ 6= 0.
In the above analysis we had set r0, the mass parameter, to be zero.
Thus the above solution can be viewed as the gravitational field of a star
of negligible mass in low energy string theory when Λ 6= 0. When the mass
parameter r0 6= 0, the solution, as can be seen from equations (14), can still
be written in the form given in (15), where now the coefficients fn and Gn
will each be multiplied by some function of the form
U(
r0
r
, ln(r − r0))
which tend to 1 in the limit r0
r
≪ 1. Hence in this limit, the effect of a non
zero r0 is negligible and the solution given above for r0 = 0 will dominate; in
particular, the singularity described above will persist. The negligible effect
of r0 in the limit
r0
r
≪ 1, in the presence of a cosmological constant, is also
physically reasonable since the cosmological constant can be thought of as
vacuum energy density and, when r0
r
≪ 1, the vacuum energy will overwhelm
any non zero mass of a star, which is proportional to r0.
Thus it follows that the gravitational field produced by a star in low
energy string theory has a naked curvature singularity when the cosmological
constant Λ 6= 0.
However, one can require that such naked singularities be absent in our
universe. This will then translate into a constraiant on the cosmological
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constant, Λ, in string theory. If we take, somewhat arbitrarily, that the
curvature becomes unacceptably strong when |Λ|r2 ≃ 1, then requiring the
absence of singularity in the universe would give
|Λ|r2u < 1 , (21)
where ru = 10
−28 cm is the radius of the universe. In natural units, this gives
the bound
|Λ| < 10−120 ,
which is the present experimental upperbound. That these two bounds coin-
cide is not a surprise since the equations, (21) here and the relevent ones in
[6], that lead to them are the same. Only, here it follows as a consequence of
requiring the absence of naked singularities, and in [6] they follow from the
fact that the ordinary non vacuum mass density of the universe is close to
its critical value.
The existence of the naked singularity when the cosmological constant,
Λ 6= 0 also means the following. If Λ was zero during some era in the
evolution of the universe, then the mechanism that enforces cosmic censorship
— no evolution of singularities from a generic, regular, initial configuration
— would also enforce the vanishing of Λ in the long run, when the universe
would be evolving sufficiently slowly for the static solutions to be applicable.
Otherwise, we would have the situation in low energy string theory where an
initially regular generic configuration evolves into a singular one in the long
run. This would then violate the principle of cosmic censorship.
From another point of view, the tree level cosmological constant Λ =
1
2
(d + dint − 10) in string theory. The results presented here then mean
that, in the sigma model approach, low energy noncritical strings for which
d+dint 6= 10 lead to naked singularities. This suggests that the d = 1 barrier
encountered repeatedly in the formulation of non critical strings is perhaps
insurmountable.
We now remark on the validity of the low energy effective action. This
action is only perturbative and will be modified by higher order corrections in
the regions of strong curvature. Hence, when these corrections are included,
the singularities seen here may not be present. However, these corrections
will kick in only when the curvature is strong, and the low energy effective
action, and thus our analysis, is likely to remain valid until then. Therefore,
while the fields and the curvature might never actually become infinite in
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the full string action with higher order corrections, even when Λ 6= 0, our
results indicate that they will become sufficiently strong as to be physically
unacceptable, thus justifing our conclusions above.
Having said that, it is still of interest to study if, and how, the string
theory would remove these singularities, and to study whether this process
would enforce the vanishing of the tree level cosmological constant, as conjec-
tured here. For some examples of how string theory may cure singularities,
which may be applicable in the present context also, see the recent interesting
article [7].
Appendix
From (19), we have that fi < 0 for i = 1, 2, 3 and Gi > 0 for i = 2, 3. This
implies fi ≤ 0 and Gi ≥ 0 for all i. The proof is by induction. Let fi ≤ 0
upto i = m. From the definition of gi it follows that
∑n
0 gkfn−k = δn,0. Since
f0 = 1, this implies that gi > 0 upto i = m. Therefore ei =
∑i
0 kfkgi−k < 0
for i ≤ m, and thus ωi = ∑i0 ekei−k > 0 for i ≤ m. The general relation
between ωn and Gn is given by
ωn = −(−1)n
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
G1 1 0 · · · 0
2G2 G1 1 · · · 0
3G3 G2 G1 · · · 0
· · · · · · · · · · · · · · ·
(n− 1)Gn−1 Gn−2 Gn−3 · · · 1
nGn Gn−1 Gn−2 · · · G1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,
where we have a used a formula given in [5]. The determinant of a matrix of
the type that appears above has the structure
−(−1)n(nGn +
n∑
2
(−1)k−1(· · ·){G}k)
where (· · ·) are positive coefficients and {G}k denotes schematically a product
of k G’s. This determinant structure can be proved inductively for n = m+1,
by assuming it to be true for n = m, and then, expanding the relevent
determinant at the next step from its top row. From the above expression
for ωn and from the fact that ωi > 0 for i ≤ m, it follows that Gi ≥ 0
for i ≤ m. Now, the last equality in (18) shows that fm+1 ≤ 0 and, going
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through the above steps we get Gm+1 ≥ 0. Hence by induction fi ≤ 0 and
Gi ≥ 0 for all i ≥ 1.
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Note Added: After this work was completed, we were informed of [8]
where the global properties of the static solutions to the vacuum Einstein
equations inD = m+n+2 dimensions have been derived using the techniques
from the theory of dynamical systems. We are greatful to D. L. Wiltshire for
this information.
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